Abstract. We discuss the possibility of Mathieu group M 24 acting as symmetry group on the K3 elliptic genus as proposed recently by Ooguri, Tachikawa and one of the present authors. One way of testing this proposal is to derive the twisted elliptic genera for all conjugacy classes of M 24 so that we can determine the unique decomposition of expansion coefficients of K3 elliptic genus into irreducible representations of M 24 . In this paper we obtain all the hitherto unknown twisted elliptic genera and find a strong evidence of Mathieu moonshine.
Introduction
Let us consider the string theory compactified on the K3 surface. It is well-known that string theory on K3 has the symmetry of N = 4 superconformal algebra. In [6, 10] the elliptic genus of K3 was expanded in terms of irreducible representations of N = 4 superconformal algebra Z K3 (z; τ ) = 8 θ 10 (z; τ ) θ 10 (0; τ ) ,ℓ=0 (z; τ ) − 2 ch R h= 1 4 ,ℓ= In the RHS the first two terms denote characters of short (BPS) representations of N = 4 algebra (with isospin ℓ = 0, 1/2), and an infinite series denotes the sum over long (non-BPS) representations. A new discovery was made in [9] : expansion coefficients A(n) agree with the dimensions of irreducible or reducible dimensions of representations of the Mathieu group M 24 , Explicitly characters of short and long representations (inR sector) are given by [11] ch R h= 1 4 ,ℓ=0 (z; τ ) = [θ 11 (z; τ )]
2
[η(τ )] 3 µ(z; τ ), (1.3) ch R h= 1 4 ,ℓ= 1 2 (z; τ ) + 2 ch R h= 1 4 ,ℓ=0 (z; τ ) = q It is known that the above series µ(z; τ ) is a typical example of a Mock theta function [25] . Expansion coefficients A(n) are given in terms of µ at half-periods
Prefactor q 1/8 above is for convenience. As studied in detail in [6] , Σ(τ ) is a mock theta function whose shadow [24] is [η(τ )]
3 .
Now consider a graded vector space
where the space V (n) has a dimension dim V (n) = A(n). Since the dimension of the representation space is given by the trace of the identity element, we may rewrite the sum (1.7) as
Twisted elliptic genus is defined instead by considering an arbitrary group element g
where
Since the trace of g depends only on its conjugacy class, there exists a twisted elliptic genus Z g (z; τ ) corresponding to each conjugacy class. As a generalization of (1.1), we define the twisted elliptic genus by the decomposition
,ℓ=0 (z; τ ) − 2 ch R h= 1 4 ,ℓ=
where χ g ∈ Z is the Witten index Z g (z = 0; τ ). The q-series Σ g (τ ) is thus the analogue of the McKay-Thompson series of the monstrous moonshine [4] .
The Mathieu group M 24 has the following 26 conjugacy classes: (we use the ATLAS naming of the conjugacy classes [3] . See Table 1)   type I : 1A, 2A, 3A, 5A, 4B, 7A, 7B, 8A, 6A, 11A, 15A, 15B, 14A, 14B, 23A, 23B, (1.12)   type II : 12B, 6B, 4C, 3B, 2B, 10A, 21A, 21B, 4A, 12A. ( It is observed [2, 13] that χ g is related to the first and the second rows of the character table of M 24 in Table 2 ; χ 1A = 1 + 23, χ 2A = 1 + 7, and so on. In the character decomposition (1.11), A g (n) is the Fourier coefficient of mock theta functions if g ∈ type I and of modular form if g ∈ type II. Note that twisted elliptic genera for the pairs, (7A, 7B), (15A, 15B), (14A, 14B), (23A, 23B), (21A, 21B), are equal to each other.
Twisted elliptic genera of the conjugacy classes of type I have already been obtained in the literature [2, 13] . On the other hand, twisted elliptic genera of type II are yet largely unknown. In this paper we obtain all the twisted elliptic genera of type II and then use the character formula of the Mathieu group to derive the coefficients of the decomposition of K3 elliptic genus into a sum of irreducible representations of M 24 . We have checked that we always obtain the positive integral coefficients in the decomposition up to q 600 . We thus provide a very strong support for the Mathieu moonshine conjecture. 
Twisted elliptic genus of the set type I
Twisted elliptic genera of the type I has been obtained previously [2, 5, 13] . Type I genera for basic classes, pA (p = 2, 3, 5, 7) were discussed by A.Sen and his collaborators [5, 16] (also [15] ) in connection with the counting problem of 1 4 BPS monopoles and dyons.
We first introduce the standard notation in the theory of Jacobi forms [12] 
and
Here the Jacobi theta functions are defined in Appendix A. φ M,N denotes a Jacobi form with weight M and index N. We also use the Eisenstein series
The elliptic genus for K3 is given by [10, 17] 
Note that the class 1A consists of the identity element and hence Z 1A is the original untwisted elliptic genus.
In the case of classes pA (p = 2, 3, 5, 7) there is a general formula for the twisted elliptic genera [2] 
Explicitly we have
Twisted elliptic genera for other classes are given by [2, 13] 
2 (τ )
14)
In the class 23A we have used the newforms [23] 
Twisted elliptic genus of the set type II
Our main task in this paper is to obtain all the twisted elliptic genera belonging to type II. Here, unfortunately there is no definite guiding principle. We have to make an educated guess for the candidate elliptic genera which reproduce the correct coefficients of lower order q-expansions (see Table 3 ) and have the correct weight and level as modular forms.
By trial and error we have obtained the following elliptic genera which are written in the form of η-product;
For the class 21A one has a linear combination of η-products
One sees that Σ g (τ ) is the η-product which is modular on congruence subgroup Γ 0 (ord(g)) with character.
We note the following relation among the genera of type I and type II
Mathieu moonshine
In Table 2 the character formula for the Mathieu group M 24 is presented. We denote its elements as χ g R where R runs over irreducible representations and g runs over conjugacy classes. It is well-known that the character formula obeys the orthogonality relation
where n g is the number of elements in the conjugacy class g and |G| is the order of the group G. Let us denote the multiplicity of the representation R in the decomposition of the K3 elliptic genus at level n as c R (n). We then obtain the value of the twisted genus of the class g at level n as
where A g (n) is defined in (1.10). Note that by choosing g = 1A in (4.2) we find
In fact c R (n) is the multiplicity of representation R at level n.
If one uses the orthogonality relation (4.1), we can invert the relation (4.2) and find a formula for the multiplicities
We have checked by computer that the multiplicities c R (n) are positive integers for all representations up to n = 600. See Table 4 . This provides a very strong support of the Mathieu moonshine conjecture.
Entropy
In Table 3 , we have tabulated the values of A g (n), the expansion coefficients of twisted genera Z g (z; τ ). In the untwisted case (g = 1A) we have applied the the method of Bringmann-Ono [1] and obatined the Poincaré series [6] A(n) = −2 π i
is the Legendre symbol, and I denotes the Bessel function,
We have identified the expotential growth of {A(n)} at large n as the entropy of K3 surface
See [7, 8] for the discussion of entropy of higher-dimensional complex manifolds with reduced holonomy.
In case of g ∈ type I, twisted elliptic genus Z g (z; τ ) is modular on the congruence subgroup Γ 0 (ord(g)) of SL(2; Z). Correspondingly the q-series Σ g (τ ) is a mock theta function on Γ 0 (ord(g)), and by using the same method as above the Fourier coefficients A g (n) are given by
See [6] where a case of Γ 0 (2) was studied. The above formula shows that the entropy S g of "twisted" K3 is given by
Thus the entropy of twisted K3 is reduced by a factor 1/ ord(g). This coincides with the result of [20] that the entropy of the Z N twisted CHL model is 1/N times the entropy of the untwisted model.
Discussions
We have completed the analysis initiated in [2, 13] on Mathieu moonshine phenomenon by providing all the twisted elliptic genera for K3 surface. Making use of them we are able to decompose uniquely the expansion coefficients {A g (n)} into a sum of irreducible representations of M 24 . We find that the multiplicities of all irreducible representations are positive integers up to the level n = 600. Thus the observation of [9] may well be proved to be true.
We are, however, still very far from satisfactory understanding of the origin of the symmetry of the Mathieu group M 24 . As is well-known, there are special classes of K3 surfaces which possess automorphism under subgroups of M 23 [18, 19] (see [22] for a recent result). Thus it appears that M 24 emerges as an enhanced symmetry in string theory. Hopefully the twisted genera we have obtained offer some clue in our search for the action of M 24 on the string Hilbert space in K3 compactification.
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